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Abstract
We study the points of degeneracy (diabolical points) in magnetic molecules such as Mn 12 -acetate that have an easy axis of four-fold symmetry. This is done for general magnetic field that need not be oriented along a highsymmetry direction. We develop a perturbative technique that gives the diabolical points as the roots of a small number of polynomials in the transverse component of the magnetic field and the fourth order basal plane anisotropy. In terms of these roots we obtain approximate analytic formulas that apply to any system with total spin S ≤ 10. The analytic results are found to compare reasonably well with exact numerical diagonalization for the case of Mn 12 . In addition, the perturbation theory shows that the diabolical points may be indexed by the magnetic quantum numbers of the levels involved, even at large transverse fields. Certain points of degeneracy are found to be mergers (or near mergers) of two or three diabolical points beacuse of the symmetry of the problem. 6 ] 8+ ] are among a few dozen that are currently being studied as extreme cases of superparamagnets [1] . Both Mn 12 and Fe 8 have spin 10, and both of them display hysteresis at the molecular level [2] [3] [4] [5] , as do some of the others. In addition, however, Fe 8 shows an effect that has not yet been seen in any of the other molecules: oscillation of the Landau-Zener-Stückelberg transition rate between low lying levels as a function of the applied static magnetic field [6] . This oscillation is due to an oscillatory quenching of the underlying tunneling matrix element connecting the levels in question, and is an unambiguous signature of quantum tunneling. The occurrence and observability of tunneling in a spin of such a large magnitude is of much interest in itself, and the tunneling frequency, of the order of 100 Hz, is perhaps the lowest ever inferred or meaasured in any physical system. Further, the quenching effect can be regarded as due to the interference of different Feynman tunneling paths for the spin [7] , and this is how it was first discovered [8] . While massive particle tunneling in two or more spatial dimensions can also show such interference [9] , the effect arises more directly in the spin problem since the kinetic term in the action has the mathematical structure of a Berry phase. This adds to the interest in the problem. Reciprocally, the experimental observations have motivated more careful investigations of spin-coherent-state path integrals which are more delicate than their massive particle counterparts [10] .
The above intereference effect has also been sought in Mn 12 , but has not yet been seen. While the spin Hamiltonian for Fe 8 has biaxial symmetry, Mn 12 is tetragonal, hence the systematics of the effect are different, and it is interesting to calculate them. More specifically, with an external magnetic field H, Mn 12 is described by an anisotropy Hamiltonian [11] 
where S = 10, g ≈ 2, and A ≫ B ≫ C > 0. (The experimental values for A, B, and C are 0.556, 1.1 × 10 −3 , and 3 × 10 −5 K, respectively, so that λ 1 = B/A = 1.98 × 10 −3 , λ 2 = C/A = 5.4 × 10 −5 , and H c = A/gµ B = 0.414 T.) The easy axis is now z with four fold symmetry, the hard axes are ±x and ±y, and the medium axes are the lines y = ±x in the xy-plane. For values of |H| that are not too large, the spin coherent state [12] expectation value n|H|n , which may be regarded as a classical energy E(θ, φ), may have two or more local minima, between which the spin can then tunnel. The issue is to calculate the tunnel splitting ∆, and especially the field values where this splitting is quenched, i.e., ∆ = 0. Since there may be other molecules with this symmetry, it is desirable to do this analytically, for all values of (or at least a wide range of) λ 1 and λ 2 .
For the discussion that follows, it is useful to review some basic facts pertaining to degeneracy in quantum mechanics in the absence of symmetry. A point of degeneracy, or equivalently, a point where the splitting between two levels vanishes, is diabolical in the terminology of Berry and Wilkinson [13] , or a conical intersection in older terminology [14] . As a rule, eigenvalues of a finite Hamiltonian are all simple, and for a general Hamiltonian, represented by a complex Hermitean matrix, we must be able to adjust at least three parameters in order to produce a degeneracy. A simple approximate argument is as follows [15] . Let two states m and m ′ be approximately degenerate, and let the secular matrix between them be written as
with V m ′ m = V * mm ′ . The states will be truly degenerate only if the following two conditions are met:
It is convenient to refer to these as the no-bias and the no-mixing conditions, respectively [16] . Since V mm ′ is in general complex, we have three real conditions, requiring three or more variable parameters for their satisfaction. Precisely three parameters are available to us in Eq. (1.1) in the three components of H. If the Hamiltonian matrix is real symmetric, the number of adjustable parameters required is lowered to two. In the present problem, this situation is realized when H y = 0, and so, as in the Fe 8 case, we expect to find the degeneracies in the H x -H z plane. Unless explicitly stated, we will henceforth take H y = 0, so that
Ignoring an additive constant, the energy surface in the vicinity of the degeneracy is given by
which has the form of a double cone or a diabolo in H x -H z space, which explains the term diabolical for these points.
In a previous paper [17] , we have studied the Mn 12 problem for H x. In this case, E(θ, φ) is reflection symmetric in the equatorial plane, and for small enough H, has two degenerate minima, one in each hemisphere with S z > 0 and S z < 0. The problem is analogous to the tunneling of a massive particle in a symmetric double well. The approach used is a discrete phase integral (DPI) or Wentzel-Kramers-Brillouin (WKB) method, and it provides a good quantitative approximation for the tunnel splitting, ∆, as well as the diabolical fields where the splitting vanishes.
In this paper, we extend our studies to the case where the field has a nonzero z component. The problem is now like a massive particle in an asymmetric double well. Our initial intent was to approach this case also using the DPI method, as it has been appplied successfully to the Fe 8 problem. Indeed, the calculation reduces to no more than the evaluation of a handful of action integrals, and based on prior experience with Fe 8 and other tunneling Hamiltonians, we are confident that it will be quantitatively accurate for Mn 12 too. Unlike the Fe 8 case, however, where the integrals can be found analytically, this turns out to be not so for Mn 12 , and so, even though the calculation is not as atomistic as a brute force diagonalization of the 21 × 21 Hamiltonian matrix, it still does not yield final answers in an analytic form. To our pleasant surprise, however, we have found that a perturbative approach in the spirit of Ref. [18] not only yields quite good approximations for the locations of the diabolical points, it also reveals a pattern in the points which would be hard to discern from a numerical diagonalization by itself. Most importantly, it provides a scheme for indexing these points. It is the purpose of this paper to report this work.
The analysis is contained in Sec. II. We first develop the perturbation theory with B = 0 (Sec. II A). This yields the diabolical points as the roots of polynomials in H x and C. For a given spin S, we have 2S polynomials. One of the unexpected bonuses is that a polynomial which applies to a given value of S also applies to any other value of S. We find all these polynomials for S ≤ 10. In subsection II B, we incorporate the effects of the B term approximately, and compare our analytic results with those from explicit numerical diagonalization of the Hamiltonian with the parameters for Mn 12 (see Table III ). Our results are accurate to about 10% for Mn 12 , and we believe that they will also be useful for other systems with four-fold anisotropy. This is especially true for the low lying energy levels. In fact, for the higher pairs of levels, the diabolical points can be significantly moved or even eliminated altogether by still higher ansitropy terms in the Hamiltonian. In subsection II C we discuss some qualitative aspects of the degeneracies on the H z axis, and show that some of them behave as the merger of two or three diabolical points. A short summary (Sec. III) concludes the paper.
II. PERTURBATIVE CALCULATION
Let us first consider the problem when H x = 0, i.e., H ẑ. The S • aboutẑ) is easily recognized. If H x and H z are both non-zero, there is no obvious symmetry. If H x and C are both small, however, we may continue to label the states by the m quantum numbers, and calculate the energies perturbatively in these two parameters. In terms of the secular matrix (1.2), the energies E m , E m ′ , and the bias B mm ′ are determined by the terms in S z in Eq. (1.1), and the mixing V mm ′ by the terms involving C and H x . The energies are trivial to find, so the problem is to find V mm ′ .
It is convenient to divide the Hamiltonian by A and to work with scaled quantities
with
A. Simplified model: B = 0.
To keep the problem tractable, let us set B = 0 at this stage. Then, to zeroth order in both C and H x , E m = −Am 2 − gµ B H z m. Hence, levels m and m ′ are degenerate when
3)
It remains to find the off-diagonal element V mm ′ . As we shall see, the choice B = 0 simplifies the calculation greatly, for E m is then quadratic in m, and energy level differences are linear in m, and given by a fixed set of numbers whenever Eq. (2.3) holds.
To illustrate the calculation of V mm ′ , we consider the case S = 5. Suppose h z = 1/5, so that m = −5 and m ′ = 4 are degenerate (see Fig. 1 ). We will find V 4,−5 to leading non-zero order in h x and C as a double series in these variables. It is clear that a transition from m to m ′ can be made in three ways: (1) act with h x S + in 9th order.
(2) act with h x S + in 5th order and CS 4 + in 1st order. (3) act with h x S + in 1st order and CS 4 + in 2nd order. We denote the corresponding contributions to V by V (1) , V (2) , and V (3) . Each of these involves a product of matrix elements and a product of energy denominators. For V (1) , the former is
In fact the number W will be common (up to some power of 2) to all three V (i) . The energy denominators can be read off Fig. 1 , and for V (1) , these are
The factor (−1) 8 appears here because all intermediate states are higher in energy than E −5 and E 4 , and we have introduced the number K because many of the energy denominator products for V (2) and V (3) contain the same factors. Putting together Eqs. (2.4) and (2.5),
For V (2) , the transition can occur in several ways, six to be precise, corresponding to where the S 4 + term acts. Two of the ways to make the transition are −5 → −1 → 0 → 1 → 2 → 3 → 4, and −5 → −4 → 0 → 1 → 2 → 3 → 4. The product of matrix elements in each case is
The energy denominators, however, depend on the transition path, and are listed in Table  I . Adding together all the contributions, we get
Lastly, for V (3) , there are three transition paths:
The transition element product for all three is 9) and the energy denominator product is 20 × 8, 20 × 20, and 8 × 20, respectively. Thus,
Adding together V (1) , V (2) , and V (3) , we obtain the net V 4,−5 (restoring the level quantum numbers). The condition for a diabolic point is that this quantity should vanish. In addition to h x = 0, this happens when
where
Solving Eq. (2.11), we obtain
(2.13)
With the scaled value λ 2 = 2.16 × 10 −4 for S = 5, this yields h x = 0.2643, and 0.6252. Direct numerical diagonalization yields h x = 0.2669, and 0.638.
Readers will undoubtedly have noted that apart from an overall factor of h x to some power, our perturbation method yields the off-diagonal element as a homogeneous polynomial in h 4 x and λ 2 . It is not difficult to see that this will be generally true, and also not difficult to justify. Let us first take the point that we have only included transition paths that go through the higher energy levels. Consider, e.g. the path for V 4,−5 in the above calculation that goes from −5 to +1 via six successive h x S + terms, then to +5 via a CS 4 + term, and finally to +4 via an h x S − term. This term is of order h 7 x λ 2 , and should be regarded as a higher order correction to V (2) . Secondly, it is positive and of the same sign as V (2) , because it involves six negative and one positive energy denominator. This feature is also generally valid, and is important in light of the next point, which is that the sign of the terms in the polynomial for the off-diagonal element alternate when organized as a series in λ 2 . Thus,
is positive, and V (3) is negative. This is a consequence of the fact that replacing four −h x S + terms by a single CS 4 + term (a) leaves the sign of the matrix element product unchanged, but (b) replaces four negative energy denominators by a single negative one.
Let us call the polynomial that remains after we have cancelled off as many overall factors of h x S from V mm ′ as possible the underlying polynomial. It is clear that this polynomial is of degree
in h 4 x , where [x] denotes the integer part of x, i.e., the largest integer less than or equal to x. The alternation of signs of successive powers of h 4 x is a necessary (but not sufficient) condition for all n mm ′ roots to be positive [19] . This means that, not including the points on the h x or h z axes, it is possible for states labelled by m and m ′ to intersect in a diabolical point up to n mm ′ times in the first quadrant of the h x -h z plane. This appears to us to be a topological property of the Mn 12 Hamiltonian, that is not altered by presence of higher order terms, as long as the symmetry is not changed. Of course, the number of diabolical points may be fewer, but we do not believe it can be greater, because if h x is sufficiently large, the term H x S x dominates the energy in the equatorial plane, and the possibility of interfering trajectories is lost. We do not have a proof of these statements, which must be regarded as conjectures, but the similarity to Fe 8 , and all the empirical evidence we have gathered suggests that they are indeed true.
For S = 5, we have found all the diabolical points using this perturbation approach, and also numerically. In all cases, the perturbative answers are nearly exact. The results are shown in Fig. 2 .
At this point we wish to note a remarkable feature of this approximation, which may have been noticed by some readers. This is that the diabolical values of h x depend on m and 
Thus, the entire pattern of energy levels above the levels m and m ′ depends only on ∆m (see Fig. 1 ), and since only these levels enter into our perturbation theory, the energy denominators are identical. The matrix elements are of course different, but since our transition paths involve no closed loops, they amount to a net factor of m ′ |S ∆m + |m in each term, which therefore drops out of the underlying polynomial. In short, this polynomial depends only on ∆m.
Furthermore, we see from Eq. (2.15) that value of S also does not enter in the energy denominators. This means that the polynomials found for S = 5 are applicable to the S = 10 problem for transitions with ∆m ≤ 10, and makes it worthwhile to find all the remaining polynomials for S = 10. The task is easily automated on a computer since the problem is essentially to enumerate the transition paths for a given order in h x and λ 2 , and to add up the reciprocals of the corresponding energy denominators. It can be further simplified by noting that all denominators appear in the term proportional to h ∆m x , so that relative to this term, the coefficient for any other transition path appears as an energy numerator, consisting of all the missing denominators. The polynomials are given in Table II , along with the roots for h x for general S and λ 2 , as well as for the values applicable to Mn 12 .
One last general point worth noting is that for a diabolical point labelled by the pair (m, m ′ ) with m ′ > m, the energy levels which are degenerate are numbers 2S + (m − m ′ ) + 1 and 2S + (m − m ′ ) + 2, where the ground state is given the number 1.
B. Inclusion of S 4 z term
When we try and compare the results of the previous subsection with those obtained numerically from Eq. (1.1) with B = 0, we find that the systematics of the diabolical points are fully captured in that the analytic results provide a complete indexing scheme, but the quantitative disagreement with the Mn 12 parameters is as bad as 30% in some cases. We therefore seek some way to incorporate the B = 0 effects.
It is easy to let B = 0 in the no-bias condition. Equation (2.3) is modified to
The no-mixing condition is clearly harder to evaluate. A simple minded approach is to shift the energy levels so as to retain the same relative spacings as when B = 0, but allow the overall range to be modified. With this in mind, let us first consider the energies when λ 1 = 0. When levels m and m ′ are degenerate, the level at the top of the barrier is given by the quantum number k = (m + m ′ )/2, whenever this is an integer, or by the nearest integers if it is a halfinteger. In the spirit of our approximations, keeping track of this distinction would be an overrefinement, so we will use the formula (m + m ′ )/2 in both cases. The energy range is thus given by
where the (0) superscript indicates that B = 0. With B = 0, we get
If we assume that the entire spectrum gets modified from its quadratic form by a uniform stretching factor γ mm ′ , then the only change in our perturbation theory is that all energy denominators get multiplied by this factor. In the underlying polynomial, h x and λ 2 get replaced by h x /γ mm ′ and λ 2 /γ mm ′ , and hence the no-mixing condition becomes 20) where {r α } are the original h x values obtained from the roots of the underlying polynomial P ∆m . The formulas (2.16) and (2.20) are compared with exact numerical results in Table III . The errors are now typically about 10%, and can be of either sign.
It is useful to briefly discuss our numerical procedure. For points lying on the H z or H x axis, the splitting is a function of one variable, and its zeros can be found by simple scanning.
For the off-axis zeros, this is harder, and we resort to the Herzberg and Longuet-Higgins sign change theorem [14, 20] , which applied to the present problem states that, upon adiabatic traversal of a closed contour in the H x -H z plane enclosing a single point of degeneracy of two states, the wavefunction of either of these two states returns to itself except for a change in sign. Conversely, there is no change in sign if the contour does not enclose a degeneracy. Hence, to find a diabolical point, we first find a sign-reversing rectangular contour by hit and trial. By bisecting this rectangle in the x and z directions alternately, and using the signchange test at each bisection, we can corral the degeneracy ever more tightly, to the degree desired. We have found this procedure to be generally superior to a direct minimization of the energy difference for the reason that the diabolo in the vicinity of a degeneracy is highly asymmetrical in the x and z directions. Consider for example, the 4th and 5th energy levels from the bottom when h z ≃ 0.12-0.13, corresponding approximately to the m quantum numbers −9 and 8. Since these states are separated by a high barrier, the mixing element between them is best understood as arising from tunneling, and will therefore be proportional to an exponentially small Gamow factor e −Γ , where Γ is the appropriate tunneling action. Thus the energy surface consists of a deep and narrow valley running nearly parallel to the h x axis, with a valley floor that goes to zero linearly at occasional points, and may rise and fall in between. Because of this shape, and because the surface is not analytic in the vicinity of the points being sought, standard methods for finding the minima of a function are often not well suited.
The above argument also enables to understand an observation made by Berry and Wilkinson [14] and Berry and Mondragon [21] in the study of two very different model problems, namely, that the energy cone near a diabolical point has very high eccentricity in terms of the physically natural parameters describing the system. In other words, the cross section of the energy surface is a very long and narrow ellipse in one direction. Let us see how this happens in the present problem. To save writing let us write just x and z for the deviations of h x and h z from a diabolical point at (h x0 , h z0 ). In the vicinity of this point, we have
where a and b are constants of order unity. Thus the energy surface is
The cross section is an ellipse with major axis parallel to x and eccentricity ∼ e Γ ≫ 1. This scenario is expected to be quite general. The no-bias condition defines a line in parameter space. The gradient of the bias normal to this line is generally expected to be of order unity in the natural physical variables. The mixing element also varies on the same order unity scale in the parameter space, but because it arises from tunneling, its absolute scale is very small. The result is an energy surface of high eccentricity of the type just described.
C. Merged diabolical points [22] Our discussion of diabolical points needs some elaboration for certain degeneracies lying on the h z axis. For the pair (m, m ′ ) = (−10, 9), e.g., (more generally any pair with ∆m = 4n + 3), we peeled off a factor of h 3 x from the mixing element. Writing x = h x , and z = h z as in Eq. (2.23), and z 0 = h z0 for the point of degeneracy, the bias and mixing are given by
ignoring multiplicative constants. Correspondingly, the energy surface is [(z − z 0 ) 2 + x 6 ] 1/2 , whose cross section is no longer an ellipse. There is also no reason for the simple sign-change result to hold a priori.
These conclusions are based on perturbation theory, however. More generally, we can only argue on grounds of symmetry that, under x → −x, B mm ′ → B mm ′ , and V mm ′ → ±V mm ′ . Instead of Eqs. (2.24) and (2.25), we should therefore expect the general expansion to take the form
where a, b, and c are constants, all of which we expect to be very small on account of the quantitative accuracy of the perturbative approach. Ignoring the higher order terms, the bias vanishes on the parabola z = z 0 − ax 2 . On this parabola, the mixing is given by The energy surface in the immediate vicinity of each one of these points is now diabolical in the ordinary sense. A small circuit of each of these points separately will therefore lead to a sign reversal, as will a larger circuit enclosing all three of them. If we ignore the splitting, we may regard the original degeneracy on the h z axis as a triply merged diabolical point. It is useful to think of the coefficients a, b, and c as depending on parameters in the Hamiltonian other than the components of H, e.g., λ 1 and λ 2 . It may be that as these parameters are varied, the quantity b/(1 − ac) becomes negative, so that the roots ±x 1 cease to be real. We can think of the two off-axis diabolical points as having annihilated each other, leaving behind only one true diabolical point on the axis. Unless one is very close to this point, however, the energy surface may still resemble that of a triply merged point.
For the parameters appropriate to Mn 12 , we find that the points are located at [23] (h x , h z ) = (0.0, 0.135836224), (±0.01855, 0.135832551). (2.30)
These numbers are obtained by using the same sign-reversal theorem as previously described. Because the energy difference depends so sensitively on h z , however, we have confirmed them in another way. For any given value of h x , we first find the minimum of the relevant energy gap ∆ with respect to h z . In essence, we find the value of the gap at the bottom of the parabolic trench where the bias vanishes. A plot of this gap versus h x should be given by the absolute value of the expression (2.28). As shown in Fig. 3 , this is indeed so, and the split off point is again found to be at h x = 0.01855. In exactly the same way, we may also consider doubly merged points, corresponding to the tunneling of states with ∆m = 4n + 2, e.g., (m, m ′ ) = (−10, 8), when h x ≈ 0. We can continue to expand the bias as in Eq. (2.26), but the leading term in V mm ′ is now proportional to x 2 , so that instead of Eq. (2.27), we have
It is then obvious that the double zero of V mm ′ at x = 0 can not be split. This conclusion can also be reached in another way. Symmetry would require that, if they split, the points be located at (±x 0 , z 0 ), with x 0 = 0. The selection rule argument given at the very beginning of Sec. I shows, however, that this is impossible, as there must be a crossing of any two levels m and m ′ with ∆m = 4n as H z is varied with H x = 0. In Fig. 3 , we also show the (m, m ′ ) = (−10, 8) gap at the bottom of the no-bias trench. It is apparent that now the diabolical points remain unsplit at h x = 0, and the curve is extremely well fit by a parabola, as required by Eq. (2.31).
Finally, the points on the h z axis, corresponding to ∆m = 4n + 1 are singly diabolical to begin with, so the issue of splitting does not arise.
III. SUMMARY
We have studied the diabolical points of a spin Hamiltonian describing molecules such as Mn 12 that have an easy axis of four-fold symmetry, for arbitrarily directed magnetic fields. A perturbation theory in the parameters H x and C is found to give a very good qualitative and even quantitative understanding. Our central results are the formulas (2.16) and (2.20) , which along with the results in Table II give the full set of diabolical points for any molecule with S ≤ 10.
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